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METHQDS OF SOLUTION 1IN GAME THLORY
Melvin Dresher, The RAND Corporation

Consider the two-person zero-sunm game, with a finite number of strategies,
described by the payoff matrix A = Maij " where .13 represents the payment to
player I if he chooses strategy i = 1, 2, *++, m and player II cnooses strategy
J=1,2, ***, n. Let the column matrices X, Y rerresent mixed strategies of
player I and II respectively, vhers t.« components Xy ’J of the respective
matrices are the frequencies of the crrresponding strategies, Then there exists

a pair of mixed strategies x', !. such that

w5 " .
min X AY = max X AY = v,
Y X

where l' is the transpose of X. x', Y' is said to be a solution of the game
having a value, v. ;

If there sxists a solution x', Y such thi: AY = vl and A'X‘. e vl, where 1
is the column matrix ail »hose components are .iity, then x', Y isa simple
golution of the game. A rmcess: ; and sufficient condition that a _ame described

by a square, non-singular matrix A have a simple solution is that all the components

of

L 3 ‘ 1 2 ! I
) ¢ - Y =
l'(Ai)'Il. 124

be non-negative, Thus, if a game has & simple solution, it !s readily obtained,

If a game does not have a simple solution, it can nevertheless be solved by
examining square submatrices for simple soiutions, Every solutivn of a game A is
a convex linear combination of a finite mumber of basic solutions every basic
solution is derived from a simple solution of some square non-sing'iar submatrix
of A. Thus to obtain all basic soclutions we need to examine each square none

singular submatrix of A for a simple solution, Having obtained a simple solution
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of th.e sumatpix, we introduce zerc components fos tio renalidns rows and eolwws

of A, ard tost whether the full vectors X, Y soive A, i.e,, whether

hi.
e
X a, = min R
- S R - da

n

I7 X, Y solves A then it i3 & solution of A and tle v Jue of the gane is muc 2: “15 4

J=s

It is ‘recucntly possible to recucs tie size of the game matrix by sinpd.“

domirance conciderations. If a row i3 dominiied ty sem> other row op by souze convex

linear cezblnation @f rows, then the cominated row muy be elizminated from the mairix,

If 2 row condnatec some convex linenr combination of ot! ar rows, thea some one of

then may be elimirated. Similarly, we aay eliminade cclwms, In general, reduc

i

bty deminznce aay lose some solutions, lMowever, reduction by strict domdnince rotuing

all solutiocns,
If & geme zmatrix is n x 2, it can be solved grasrically in two dimemsions,

using tri~w. . ocrdinates, -5 can solve an o X J gama matrix graphicully, alao

two 38 awl> s, I the gume natrix is y darge it I: possible to solve it by
& ive proce.s wulch reculrcs only widition and the locution of aneiza and =
h & Ye neihod Stocune for ewc. player a stritezy which 1s dest Az.nine'.

opgunent! . .turs cumulatel to ductc,

The solution ¢f games having a coatinuun of strateples is very difficuii an

=stlods exist orly for a Jow special clizses of pevofl Daxtions, "If Lke pxyorll
M{x, »), 1s conciruous 2ad convex in y for pecn x, vhen the value of the gane is

< -
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nina -

the
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v » ol- max H(x, ). Mlayer II hos pure strategies whien are optimal < every y whigh,

.’ -

y X

x
they make wse <. aii X zuch that N(X, ¥) = v, whero ¥ s uy pure strategy whlen

optiaal for player Il.

aininizes max H{x, y). “lager I has o)timal strategles which are zenerally mived -

i3

If the rayoff ¥{x, ¥, is a rolyromial im emch vurdiile thes it is jossille to

re” o the soin' 1on of Jhe guxe probldem to the colulion of comtaiin pystens of

suuctions « line.r in some cases, non=101 . » 4n *he Jamdning,
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